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Abstract
The diamond group G is a solvable group, semi-direct product of R with a (2n+ 1)-dimensional Heisen-
berg group Hn. We consider this group as a first example of a semi-direct product with the form R  N
where N is nilpotent, connected and simply connected.
Computing the moment sets for G, we prove that they separate the coadjoint orbits and its generic unitary
irreducible representations.
Then we look for the separation of all irreducible representations. First, moment sets separate represen-
tations for a quotient group G− of G by a discrete subgroup, then we can extend G to an overgroup G+,
extend simultaneously each unitary irreducible representation of G to G+ and separate the representations
of G by moment sets for G+.
© 2010 Elsevier Masson SAS. All rights reserved.
Résumé
Le groupe de diamant G est un groupe de Lie résoluble non exponentiel, produit semi direct de R avec
le groupe de Heisenberg Hn. On considère ce groupe comme un premier exemple d’un produit semi direct
de la forme R  N où N est nilpotent connexe et simplement connexe.
Par un calcul simple, on montre que les ensembles moment de G séparent les orbites coadjointes et leurs
représentations unitaires irréductibles génériques.
Alors, on s’interesse au problème de la séparation de toutes les représentations unitaires et irréductibles.
D’ abord, on montre que les ensembles moment caractérisent les représentations unitaires et irréductibles
du groupe quotient G− de G par un sous groupe discret. Ensuite, on construit un surgroupe G+ et on pro-
longe chaque représentation unitaire et irréductible de G à G+. Enfin, on sépare toutes les représentations
unitaires et irréductibles de G par les ensembles moment de G+.
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Let G be a real Lie group with Lie algebra g and π be a unitary representation of G in some
Hilbert space Hπ . The moment map for π is defined as:
Ψπ : H∞π \ {0} −→ g∗, Ψπ(ξ)(X) =
1
i
〈dπ(X)ξ, ξ 〉
〈ξ, ξ 〉 , (1.1)
where dπ denotes the derived representation of g in the space H∞π of smooth vectors. When π
is finite-dimensional, this notion, due to N. Wildberger, reduces to the usual moment map for
Hamiltonian action of G via π on the projective space P(Hπ ) [10].
The moment set for π is defined as
Iπ =
{
Ψπ(ξ), ξ ∈ H∞π \ {0}
}
the closure of the image of Ψ in g∗. Denote by Ĝ the unitary dual of G, this is the set of irre-
ducible unitary representations of G up to unitary equivalence and consider the moment sets Iπ
for π ∈ Ĝ. One says that Ĝ is moment separable if Iπ = Iρ for all π and ρ ∈ Ĝ with π 	 ρ (in
other words, if the map I : Ĝ −→ P(g∗), which associates to π its moment set Iπ , is one-to-one).
Suppose G is an exponential Lie group (a connected, simply connected solvable group such
that the exponential mapping is a bijective map from g onto G). In this case, the orbit method
(see [8]) gives a very explicit bijective mapping O : Ĝ −→ g∗/G between the unitary dual Ĝ
of G and the set of coadjoint orbits in g∗. Denote by Oπ the orbit associated to π .
Suppose now G is a solvable, type 1, connected Lie group. Then each element π in Ĝ can
be built, starting with a well-defined coadjoint orbit Oπ . In general this orbit has to satisfy some
integrality conditions. We shall say that Oπ is integral and denote by (g∗/G)int , the set of inte-
gral orbits. The map O : Ĝ −→ (g∗/G)int so-defined generally is a surjective but non-injective
mapping.
There is a direct relation between Iπ and Oπ : in [3], it is proved that, if G is solvable, Iπ co-
incides with the closure of the convex hull Conv(Oπ ) of Oπ in g∗:
Iπ = Conv(Oπ ). (1.2)
Denote by Conv the mapping Oπ 
→ Conv(Oπ ). We say that (g∗/G)int is moment separable if
Iπ = Iρ for all π and ρ ∈ Ĝ with Oπ = Oρ (in other words, if the map Conv : (g∗/G)int −→
P(g∗) (P(g∗) is the set of subset in g∗), which associates to an integral orbit O its closed convex
hull, is one-to-one). Summarize the situation by the picture
Ĝ
I
O
P(g∗)
(g∗/G)int
Conv
(1.3)
where O is a surjective mapping, bijective if G is exponential.
Thus (g∗/G)int is moment separable if Ĝ is moment separable, and the converse holds if G is
exponential (especially if G is nilpotent, connected and simply connected).
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tent connected, simply connected Lie group. Thus, A. Baklouti, J. Ludwig and M. Selmi in [7]
extended the moment map to the dual of the universal enveloping algebra U(gC) of the complex-
ification gC of g and in [4], it is shown that the generalized moment set characterizes the unitary
irreducible representation for an exponential Lie group. We finally prove that this holds for any
connected and simply connected Lie group (see [1,2]).
Unfortunately, this extension of the moment map Ψ to the dual of the universal enveloping
algebra of g has no natural geometrical interpretation. Thus, looking for a new way to separate
the representations in Ĝ by using usual moment mapping, D. Arnal and M. Selmi explore another
method to separate the unitary irreducible representations of an exponential Lie group G by the
use of the usual moment map. The idea is to extend G into a larger group G+, and to define an
extension procedure π 
→ π+ = ϕ(π) for each irreducible representation π in Ĝ to an irreducible
representation of G+, in such a manner that ϕ(Ĝ) is moment separable, this thus gives a way to
separate the unitary dual Ĝ (see [5]). This method is described by a new diagram
Ĝ+ O
+
(g+∗/G+)int Conv
+
res
P(g+∗)
res
Ĝ
ϕ
O
(g∗/G)int Conv P(g∗)
(1.4)
where ‘res’ is for the canonical restrictions and O+ and Conv + are now one-to-one.
In this paper, we still pay attention to this problem. Looking for solvable, type 1, non-
exponential Lie group, we consider here the diamond group G = R  Hn where Hn is the
(2n + 1)-dimensional Heisenberg group, as a toy model for the semi-direct products R  N
where N is nilpotent, connected and simply connected. In this example, we have not only to
separate the coadjoint orbits in g∗/G but also, for some non-generic, non-simply connected or-
bits, to take into account the different characters of the inducing (non-connected) “small group”
whose derivation is defined by a point in the orbit.
The present paper is organized as follows. The next section is devoted to record the descrip-
tions of g∗/G = (g∗/G)int and Ĝ for the diamond group. Then we prove that g∗/G, and the
subset Ĝgen of generic representations are moment separable, but not Ĝ. We prove also that, for
a quotient group G− of G, by a discrete subgroup, we get moment separability for (g−∗/G−)int
and Ĝ−. We prove that the extension of the moment map to the center Z(G) of G allows to
separate Ĝ. Then we build an extension of G, denoted G+, a generalization of the moment map
and get the separation of Ĝ+ with this generalized moment mapping.
2. Orbits and irreducible representations of the diamond group
2.1. A glimpse on the diamond Lie group structure
Given an integer n  1, the diamond Lie algebra is a solvable Lie algebra g, semi-
direct product of R with the Heisenberg Lie algebra hn. More precisely, g admits a basis
{H,Z,X1, . . . ,Xn,Y1, . . . , Yn} with the non-trivial brackets given by:
[H,Xk + iYk] = i(Xk + iYk) and [Xk,Yj ] = δkjZ, (2.1)
where δkj is the Kroneker symbol. Through this paper, we note by G the associated connected
and simply connected Lie group. This is a solvable, type 1 Lie group, which is not exponential,
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each element g of G can be written in a unique way as:
g = exp tH exp
(
n∑
k=1
(xkXk + ykYk) + zZ
)
= (t,w, z),
with w = (wk) and wk = xk + iyk , for any k.
Let us remark that the center of G is non-connected, it is the set
Z(G) = {(2pπ,0, z), p ∈ Z, z ∈ R}	 Z × R.
Later on, we shall see some consequences of this.
2.2. Coadjoint orbits in g∗
In this section, we recall the stratification of the dual of the diamond Lie algebra. Denote by
{H ∗,Z∗,X∗1, . . . ,X∗n,Y ∗1 , . . . , Y ∗n } the dual basis for g∗ and fix a point  = δH ∗ +
∑n
k=1 αkX∗k +∑n
k=1 βkY ∗k + λZ∗ in g∗. We shall just write  := (δ, ζ, λ) with ζ = (ζk) and ζk = αk + iβk , for
any k. Let O = Ad∗(G), be the coadjoint orbit through . Then, a routine computation shows
that:
Ad∗(g) = Ad∗(t,w, z) = ′ = (δ′, ζ ′, λ′), (2.2)
with ⎧⎪⎪⎨⎪⎪⎩
λ′ = λ,
ζ ′k = eit (ζk − iλwk) (1 k  n),
δ′ = δ + Im(wζ ) + λ
2
|w|2.
(2.3)
(Here, wζ =∑k wkζk and |w|2 =∑k |wk|2.)
From this it follows that there are two polynomial G-invariant functions on g∗:
λ :  
→ λ and μ :  
→ 2λδ − |ζ |2.
Now we can decompose g∗ in three parts defined as follows:
1. Ω1 = { = (δ, ζ, λ) ∈ g∗, λ = 0}.
Each coadjoint orbit in Ω1 is 2n-dimensional and contains a unique point 0 = (δ0,0, λ0).
So, a cross-section for Ω1 is given by:
Σ1 = RH ∗ + R∗Z∗. (2.4)
Moreover, the cross-section mapping is just
σ1 :  
→
(
μ()
2λ()
,0, λ()
)
. (2.5)
This map gives rise to a bijective mapping σ1 from Ω1/G onto Σ1.
2. Ω2,j = { = (0, ζ, δ), ζk = 0 (k < j) and ζj = 0} (1 j  n).
Each coadjoint orbit in Ω2,j is diffeomorphic to a cylinder with circular basis (with radius
|ζj ()|). It contains a unique point 0 = (0, ζ,0) with ζk = 0 if k < j and ζj is real and
strictly positive. For 1 k  n, we put
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So, a cross-section for Ω2,j is given by:
Σ2,j = { ∈ Ω2,j , αj > 0 and βj = δ = 0}. (2.6)
Moreover, the cross-section mapping is just (with obvious notations)
σ2,j :  
→
(
0, u(),0
)
. (2.7)
We put Ω2 =⊔j Ω2,j , Σ2 =⊔j Σ2,j .
3. Ω3 = { = (δ,0,0)}.
Each coadjoint orbit in Ω3 is trivial. We put thus Σ3 = Ω3 and σ3() = .
2.3. Unitary irreducible representations of G
The unitary representations of our group are well known and very easy to describe. We first
recall how to build the representations for a solvable, type 1, Lie group as holomorphic induced
representations from a character, coming from a point  in g∗. The first step is to use i to define
a character of the stabilizer G() of  (see [8] for details). We present this construction only
when G is unimodular since our groups are all unimodular. First, we try to exponentiate i to the
connected component of identity G()0 in G(). If it is not possible, there is no representation
associated to the coadjoint orbit O = Ad∗G, passing through . If it is possible, we say that the
orbit O is integral.
Suppose O is integral, then we look for a polarization h in , that is for a complex subalge-
bra h of gC containing the Lie algebra g() of G(), such that dim(h) = 12 dim(O)+ dim(G()),
([h,h]) = 0 ( is extended as a complex linear form on gC), and i([h,h]) 0. Put d = h ∩ g
and denote by D the analytic subgroup of G with Lie algebra d. Then, since O is integral, there
is a unique character η of D with differential i. We extend now this character to the (gener-
ally non-connected) group G()D. If χ0 is an extension, all the other extensions have the form
χ = χ0ζ , with ζ a character for G()/G()0.
The unitary irreducible representations which are associated to the integral orbit O are the
holomorphic induced representations πO,χ = Hol(G(),h,G,χ), realized in the Hilbert space
HO,χ which is the completion (for the norm ‖ ‖) of the space of C∞ functions ϕ : G −→ C such
that:
(i) ϕ(g.d) = χ(d−1)ϕ(g) for all g in G, d in D;
(ii) ‖ϕ‖2 = ∫
G/D
|ϕ(g)|2 dg˙ < ∞, where dg˙ is the measure defined by the choice of Haar
measures dg and dd on G and D and by the relation
∫
G
f (g)dg = ∫
G/D
∫
D
f (gd)dd dg˙,
holding for any continuous function f with compact support;
(iii) U · ϕ = −i(U)ϕ for all U in h, where, if U = X + iY , then
(U · ϕ)(g) = d
dt
ϕ(g exp tX)|t=0 + i d
dt
ϕ(g exp tY )|t=0.
The representation is then (πO,χ (g)ϕ)(g1) = ϕ(g−1g1).
We now consider  in our cross-sections Σj and compute the above holomorphic induced
representations.
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With our notations,  = (δ,0, λ) and λ = 0. The stabilizer G() of  is the connected and
simply connected subgroup G() = {(t,0, z), t, z ∈ R}. The orbit O passing through  is
integral. Choose
h = CH ⊕
n∑
j=1
C
(
Xj + i sign(λ)Yj
)⊕ CZ,
then D = G(), and the unique character χ is here χ(t,0, z) = ei(δt+λz). There is a unique
representation denoted π associated to O.
The space of the representation π is a space of complex functions F on G. Put f (w,w) =
F(0,w,0), the condition F(gd) = χ(d)−1F(g) implies that F is completely determined
by f . The condition on h and finite norm give:
– If λ > 0, then f (w,w) = e− λ4 |w|2ϕ(w), with ϕ an holomorphic function on Cn, with∫ ∣∣ϕ(w)∣∣2e− λ2 |w|2 dw ∧ dw < +∞.
– If λ < 0, then f (w,w) = e λ4 |w|2ϕ(w), with w 
→ ϕ(w) an antiholomorphic function
on Cn, with∫ ∣∣ϕ(w)∣∣2e λ2 |w|2 dw ∧ dw < +∞.
Thus we identify the space of π with the space of holomorphic (resp. antiholomorphic)
functions which are square integrable with respect to the above measure on Cn.
Finally, if g0 = (t0,w0, z0), we explicitly get:
– If λ > 0, then(
π(t0,w0, z0)ϕ
)
(w) = ei(δt0+λz0)e− λ4 |w0|2e λ2 w0e−it0wϕ(e−it0w − w0). (2.8)
– If λ < 0, then(
π(t0,w0, z0)ϕ
)
(w) = ei(δt0+λz0)e λ4 |w0|2e− λ2 w0eit0wϕ(eit0w − w0). (2.9)
2.  ∈ Σ2,j for a given j .
The stabilizer G() is, with our notations,
G() = {(2pπ,w, z), Im(wζ) = 0, p ∈ Z}.
Then the connected component of identity in G() is simply connected, the orbit passing
through  is integral. We choose the (real) polarization h, the complex vector space with
basis {Xk,Yk,Z}. The subgroup D is the subgroup D = {(0,w, z)} 	 Cn × R.
The characters χ for G()D can be labelled by  and a character of G()/G()0 = Z, or, for
instance, by a real number ν ∈ [0,1[. Then we note them:
χ,ν(2pπ,w, z) = ei2πνpeiRe(ζw).
The representations associated to the orbit O passing through  can be realized on the space
of square integrable functions on the circle G/G()D = R/2πZ. We denote them π,ν .
The space for this representation is a space of function F on G. Then F is characterized
by t 
→ F(t,0,0). We put ϕ(t) = eiνtF (t,0,0). ϕ is 2π periodic, square integrable on the
circle, the representation is
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π,ν(t0,w0, z0)ϕ
)
(t) = eiνt0e−iRe(ζ e−i(t−t0)w0)ϕ(t − t0). (2.10)
3.  ∈ Σ3.
The stabilizer of  is G() = G, it is connected and simply connected. The orbit passing
through  is integral and the unique representation associated to the (trivial) orbit passing
through , is the character
χ(t0,w0, z0) = π(t0,w0, z0) = eiδt0 .
3. Orbits and generic representations moment separation
In this section, we study separation by moment sets for the coadjoint orbits and the unitary
representations for the diamond group G.
Recall that thanks to [3], with our notations:
Iπ = Conv(Oπ ).
So we first determine Conv(O), for any coadjoint orbit.
Proposition 3.1.
Let  be a point in our cross-sections Σ . Then
1. If 0 = (λ0,0, δ0) ∈ Σ1, the coadjoint orbit O passing through 0 is the subset
O = { ∈ g∗, λ() = λ0, μ() = 2δ0λ0},
and its closed convex hull is
Conv(O) = { ∈ g∗, λ() = λ0, μ() 2δ0λ0}.
2. If 0 = (0, ζ0,0) ∈ Σ2,j , the coadjoint orbit O passing through 0 is the subset
O = { ∈ g∗, λ() = 0,  = (δ, eit ζ0,0), t, δ ∈ R},
and its closed convex hull is
Conv(O) = { ∈ g∗, λ() = 0,  = (δ, reit ζ0,0), t, δ ∈ R, 0 r  1}.
3. If 0 = (δ0,0,0) ∈ Σ3, the coadjoint orbit O passing through 0 and its closed convex hull
are the subsets
O = {0} = Conv(O).
Proof. 1. In this case, since the functions λ() and μ() are G-invariant, O is a subset of the set
of  such that λ() = λ0 and μ() = μ0. Conversely, if  = (δ, ζ, λ) is a solution of these two
equations, λ = λ0 = 0. Put wk = i ζkλ0 , thus Ad∗(0,w,0)0 = (δ′, ζ, λ0) (see (2.3)) but δ is given
by:
μ() = 2λδ − |ζ |2 = 2λ0δ − λ20|w|2 = μ(0) = 2λ0δ0,
that means (with the notations on (2.3))
δ = δ0 + λ2 |w|
2 = δ′, and  = Ad∗(0,w0,0)0 ∈ O.
This proves our first point.
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Moreover, the map ζ 
→ |ζ |2 being convex, and  
→ δ being linear, μ is convex, and we get, for
any  =∑r srr in Conv(O) (sr  0, ∑r sr = 1, and r in O),
μ() = μ
(∑
r
srr
)

∑
r
srμ(r) = 2λ0δ0.
This holds for  in Conv(O).
Conversely, if  is such that λ() = λ0 and μ() 2λ0δ0, then,
α21  2λ0(δ0 − δ) − β21 +
∑
k>1
(
α2k + β2k
)
.
Choose α′1  α1 and α′′1  α1 such that(
α′1
)2 = (α′′1)2 = 2λ0(δ0 − δ) − β21 +∑
k>1
(
α2k + β2k
)
,
then ′ =  + (α′1 − α1)X∗1 and ′′ =  + (α′′1 − α1)X∗1 verify λ(′) = λ(′′) = λ0 and μ(′) =
μ(′′) = 2λ0δ0. They are points in O, moreover there is 0 s  1 such that α1 = sα′1 +(1−s)α′′1 ,
thus  = s′ + (1 − s)′′ is in Conv(O).
2. Looking to (2.3), we immediately get the first point. For the second one, we consider the
R-linear mapping f : C −→ g∗ defined by f (reit ) = (0, reit ζ0,0), since the unit disc D in C is
the convex hull of the unit circle, we get f (D) ⊂ Conv(O), thus, since δ can be any real number,{
 ∈ g∗, λ() = 0,  = (δ, reit ζ0,0), t, δ ∈ R, 0 r  1}⊂ Conv(O).
Conversely, if  =∑r srr is in Conv(O), λ() = 0, and  = (∑r srδr ,∑r sreitr ζ0,0) is such
that λ() = 0, and  = (δ, reit ζ0,0), with t, δ ∈ R, 0  r  1. The same holds for any  in
Conv(O).
3. This point is evident, since the orbit of 0 is trivial. 
Thanks to this computation, we can now separate the orbits and some representations with the
moment sets.
Theorem 3.2. The coadjoint orbits are separated by their closed convex hull or g∗/G is moment
separable.
Define the generic dual Ĝgen as the subset of π in Ĝ such that Oπ is included in Ω1, then
Ĝgen is moment separable.
Proof. Let O = Ad∗G and O′ = Ad∗G′ be two coadjoint orbits such that Conv(O) =
Conv(O′). Since the function λ is constant on Conv(O), λ() = λ(′) = λ0.
Suppose λ0 = 0. The two orbits are in Ω1, we choose points 0 = (δ0,0, λ0) and ′0 =
(δ′0,0, λ0) in Σ1 as base points for O and O′. Thanks to Proposition 3.1, we thus get, with
our notations:
2λ0δ0 = sup
{
μ(),  ∈ Conv(O)}= sup{μ(),  ∈ Conv(O′)}= 2λ0δ′0.
Thus δ0 = δ′0 and with Proposition 3.1, O = O′.
Suppose λ0 = 0,  = (δ, ζ,0), and ′ = (δ′, ζ ′,0). Consider then the quantities ζk , suppose
there are not all vanishing and set j the smallest index for which ζj = 0. Thanks to Propo-
sition 3.1, Conv(O) = Conv(O′) implies that ζ ′ = 0 for any k < j and ζ ′ = 0. Choose 0k j
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Imζj = Imζ ′j = 0 and
Reζj = sup
{|ζj |,  ∈ Conv(O)}= sup{∣∣ζ ′j ∣∣, ′ ∈ Conv(O′)}= Reζ ′j .
Consider the points  in Conv(O) such that ζj = |ζj |, with the notations of Proposition 3.1, they
have the form
 = (δ, reit ζ0,0), with reit |ζj | = ζj ,
thus reit = 1 and  = 0 + δH ∗. Now  are in Conv(O′), the same argument proves  = ′0 +
δ′H ∗, we especially get 0 = ′0 and O = O′.
Suppose now λ0 = 0 and all the ζk are vanishing, then O and O′ are in Ω3 and they coincide
with the closure of their convex hull, O = O′.
We can summarize this theorem by the picture:
Ĝ
I
O
P(g∗)
g∗/G
Conv
(3.1)
where O is a surjective but non-injective mapping and Conv is one-to-one.
Finally, since the map π 
→ Oπ is one-to-one on the space Ĝgen, this implies that the generic
dual of G is moment separable. Or
Ĝgen
I
Ogen
P(g∗)
Ω1/G
Conv
(3.2)
and Ogen is now a bijective mapping. 
Remark 3.3.
1. In [6], to separate the generic dual of the group G, the authors use the invariant function μ
and build up a quadratic overgroup for G. In fact, this is useless here, since this generic dual
is directly separated.
2. Since the map π 
→ Oπ is not an injective mapping for representations associated to one
orbit in Ω2, it is clear that the unitary dual of G is not moment separable.
4. The quotient group G−
In order to separate the unitary dual, in this section, we put
G− = G/{(2pπ,0,0), p ∈ Z}= R/2πZ  Cn × R.
The Lie algebra g− of G− coincides with g, and it is easy to verify that the coadjoint orbits for
G− coincide with the coadjoint orbits for G. Thus the description of Proposition 3.1 still holds
here.
Looking now for the unitary dual Ĝ− of G−, it consists exactly in the classes of representa-
tion π in Ĝ such that π(2π,0,0) = Id. But, with the above notations, we get:
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2. If  = (0, ζ,0) is in Σ2,j , then χ,ν(2pπ,0,0) = e2iπνp and π,ν(2π,0,0) = e2iπνId.
3. If  = (δ,0,0) is in Σ3, then χ(t,0,0) = π(2π,0,0) = e2iδπ .
Therefore, the integral coadjoint orbits in g−∗ are the orbits of  in Σ1 ∪Σ3 for which δ is an
integral number and the orbits of  in Σ2.
In the first case  ∈ Σ1 ∪ Σ3, we saw there is one and only one representation associated to
the coadjoint orbit passing through . In the second case,  ∈ Σ2, the stabilizer G−() is now
connected:
G−() = {(0,w, z), such that Im(wζ ) = 0}.
Thus there is one and only one character χ of G−() such that χ(expU) = ei(U) for any U
in the Lie algebra g−() of G−() (the only choice is ν = 0). Finally, there is one and only one
representation π of G− associated to the coadjoint orbit of .
Now, Theorem 3.2 gives moment separability for the quotient group G−.
Theorem 4.1. The sets (g−∗/G−)int and Ĝ− are moment separable.
We now get the diagram
Ĝ
O
g∗/G Conv P(g∗)
Ĝ−
ext
O−
(4.1)
where ext is the canonical extension of a representation π− of G− to G. Here, O− and Conv are
injective mappings.
5. Extension of the moment map
Let us come back to the diamond group G. In order to separate the unitary dual of G, we need
to extend the moment map. We propose here two ways for that.
5.1. Moment map extension to the center
In this section, we consider the moment map, as the mapping Ψ from PHπ to g∗ × Ẑ(G),
product of the usual moment map by the value of π on the center of G, or with the notations of
our introduction,
Ψ +π (ξ) =
(
Ψπ(ξ),χπ (ξ)
)
, with
{
Ψπ(ξ)(X) = 1i 〈dπ(X)ξ,ξ〉〈ξ,ξ〉 ,
χπ (ξ)(g) = 〈π(g)ξ,ξ〉〈ξ,ξ〉 ,
for any X in g and any g in Z(G).
Decompose now the unitary dual of G into Ĝ = Ĝ1 unionsq Ĝ2 unionsq Ĝ3 with Ĝj being the collec-
tion of π, for  in Σj (j = 1,2,3). Then we saw that π 
→ Oπ is a one-to-one mapping on
L. Abdelmoula / Bull. Sci. math. 134 (2010) 379–390 389Ĝ1 unionsq Ĝ3 and Conv is also one-to-one. Thus the usual moment map Ψ separates any couple of
representations π and π ′ except if π and π ′ are both representations associated to the same orbit
in Ω2.
That means, there are j ,  in Σ2,j and two real numbers ν and ν′ in [0,1[ such that π = π,ν
and π ′ = π,ν′ . But then
χπ(ξ)(2pπ,0,0) = e2iπνp = χπ ′(ξ)(2pπ,0,0) = e2iπν′p,
thus ν = ν′ and π = π ′.
Theorem 5.1. The extension Ψ+ of the moment mapping separates the unitary dual Ĝ of the
diamond group.
5.2. Extension to an overgroup
We propose here to use the same way as in [5] or [6], that is to define a solvable overgroup
G+, containing G, and explicit extensions of coadjoint orbits and unitary representations from G
to G+.
We saw that the map O is a surjective map and the inverse image of an orbit Ad∗G is
in bijection with ̂G()/G()0, that means Ĝ is a bundle over g∗/G (see [9] for a much more
general setting), we can realize this bundle as a subset in the dual of a Lie overalgebra g+ for g.
We thus define the Lie algebra g+ as the direct sum of g by R and denote {U,H,Xk,Yk,Z} a
basis for g+. Now put
G+ = G × R =
{
(u, t,w, z) = expuU exp tH exp
(
n∑
k=1
(xkXk + ykYk) + zZ
)}
,
the direct product of the diamond group G with R.
The coadjoint orbits O+ in g+∗ are simply the product {φ} × O of a scalar by an orbit O.
Especially, the restriction mapping is a bijective mapping. The closed convex hull of O+ is of
course {φ} × Conv(O). On the other hand, the corresponding irreducible unitary representations
of G+ are:
Π(u, t,w, z) = eiφuπ(t,w, z) = (eiφ × π)(u, t,w, z),
where π is a representation associated to O.
Now, we define the map ϕ from Ĝ into Ĝ+ by
ϕ(π) = π+ =
{1 × π if  ∈ Σ1 ∪ Σ3,
eiν × π,ν if  ∈ Σ2 and π = π,ν . (5.1)
Then we have
Conv(Oπ+) =
{
{0} × Conv(Oπ) if  ∈ Σ1 ∪ Σ3,
{ν} × Conv(Oπ,ν ) if  ∈ Σ2 and π = π,ν .
(5.2)
From this, it is clear that the subset ϕ(Ĝ) in Ĝ+ is moment separable. We have the picture (1.4).
This means
Theorem 5.2. G+ is, with the map ϕ, an overgroup for G, separating Ĝ by its moment maps.
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